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Abstract: In this paper we introduce a new methodology to determine an optimal coeffi-
cient of penalized functional regression. We assume the dependent, independent variables
and the regression coefficients are functions of time and error dynamics follow a stochas-
tic differential equation. First we construct our objective function as a time dependent
residual sum of square and then minimize it with respect to regression coefficients sub-
ject to different error dynamics such as LASSO, group LASSO, fused LASSO and cubic
smoothing spline. Then we use Feynman-type path integral approach to determine a
Schrédinger-type equation which have the entire information of the system. Using first
order conditions with respect to these coefficients give us a closed form solution of them.
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1. Introduction

Functional regression has been popular in recent times (Ramsay, 2004; Ramsay and Silverman,
2007). Different penalizations such as least absolute shrinkage and selection operator (LASSO),
ridge regression, standard LP-norm, elastic net regression, Group LASSO, fused LASSO, bridge
regression and different types of splines have been used in statistical literature for variable
selection. Following Huang and Su (2021) we know, penalized regression has been popularized
after publication of Eilers and Marx (1996) and Ruppert, Wand and Carroll (2003). A mean
squared error of penalized spline estimators under a white noise model was obtained in Hall and
Opsomer (2005). Furthermore, different approximation of penalized spline estimators have been
done in Li and Ruppert (2008), Wang, Shen and Ruppert (2011), Schwarz and Krivobokova
(2016) and Lai and Wang (2013). These works have been used in closed-form expressions of
penalized spline estimators which are only available in the regression setting where all the
variables are time independent. When such expressions are not available in other estimation
contexts, such as estimation of density functions or conditional quantile functions, Huang and Su
(2021) or furthermore, when the penalization function is itself a stochastic differential equation,
existing asymptotic approaches extended. Then we need a path integral approach to determine
regression coefficients in Euclidean field (Pramanik, 2020; Pramanik and Polansky, 2020a,b;
Pramanik, 2021a,b) and for generalized tensor field (Pramanik and Polansky, 2019).

In this paper we provide a dynamic framework of a time dependent residual sum of square and
minimize it with respect to regression coefficients where coefficient dynamics follow a stochas-
tic differential equation. We construct a quantum Lagrangian for equal in length small time
interval with respect to a positive penalization parameter and use a Feynman-type path inte-
gral approach to determine a Schrodinger type equation (Pramanik, 2016; Hua, Polansky and
Pramanik, 2019; Pramanik, 2020, 2021a; Polansky and Pramanik, 2021) and optimal values of
the regression coefficients are the first order condition of it (Baaquie, 2007; Feynman, 1949;
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Pramanik, 2021c) and Fujiwara (2017); Pramanik and Polansky (2021). As at the beginning
of a new time interval we do not have any prior knowledge about the future, a conditional
expectation until that initial time point of the residual sum of squares is used as our objec-
tive function. In examples we show closed form of the regression coefficients under different
penalizations. Traditional literature of this type regression does not consider diffusion part of
the process. Hence, we cannot see the bigger picture of it and more generalization towards
Brownian motion is needed.

Before constructing the quantum Lagrangian for small time intervals and path integral of the
system we showed those two integrals exist under certain assumptions, which will be discussed
in the next section. Main motivation of using Feynman path integral approach is it considers
all possible paths between two time points and eliminates the extremes by Lebesgue-Riemann
lemma to determine the minimized action locally. Furthermore, this approach gives solution
for more generalized system of equations where Pontryagin’s optimal principle fails (Baaquie,
2007; Bellman, 1966) and Yeung and Petrosjan (2006).

2. Preliminaries

Consider a sample of N time dependent cases each of which consists of J covariates such that
for an observation ¢ we have the following regression model

J
Y;(s) = Z B1(8) X1y (s) + Ui(s),

where 8;(s) € B(s) € R for all j/ = 1,...,J, Yi(s) € R is i outcome and X;;(s) € R is
i*" independent variable corresponding to deterministic Bj:(s) coefficient, with ¢ = 1,..., N and
time s € [0, 7] and, the error term U; € U € RY is assumed to be a stochastic process expressed
by the stochastic differential Equation (1) below.

Therefore, to obtain an optimal regression coefficient the objective is to minimize time de-
pendent residual sum of square (RSS)

Xo(s,8,X) = Z Yi(s) = > Bi(9)Xigr(s) |

i=1 j'=1

with respect to B;(s) € B(s) € R’ Furthermore, we assume the N-dimensional error vector
U(s) follows a stochastic differential equation,

dU(s) = pls, B(s), X(s))ds + os, B(s), X(s)|dB(s), (1)

where pls, B(s), X(s)] is a N x 1-dimensional drift vector, o s, B(s), X(s)] a N x p-dimensional
diffusion matrix and B(s) is a p-dimensional Brownian motion. The mappings of u[s, B(s), X(s)]
and o[s, B(s), X(s)] are jointly measurable and continuous. For s € [0, T'] the mapping puls, B(s), X(s)] :
C°([0,T],R7,RN*7) — L(R", R, RV*/) and a|s, B(s), X(s)] : C°([0, T], R, RN*7)

— L(R",R7,R¥*7) are measurable with respect to the o-algebra generated by the cylindri-
cal sets with bases over the the time interval [0, 7] in continuous function vanishing at the
infinity C°([0,7],R7,RY*7) and the Borel o-algebras in R’, R¥*/ and a linear functional
L(R™, R, RN*7) on a filtration F; starting at time s, where time interval [0, 7] has been divided
into n small equal-lengthed subintervals. If above conditions hold, then for initial condition
Xy € RV*DX1 Krylov’s theorem tells that, there exists a weak solution of coefficient dynam-
ics represented by the Equation (1) Krylov (2008). The drift coefficient p[s, 3(s), X(s)] of the
coefficient dynamics have different forms like for LASSO with m covariates it is 37, |8;(s)],
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ridge regression » 7, f7(s), standard LP- norm [ 7, |By(s)[P]'//?), elastic net regression
(1= )8l + alIBEIR with a € [0,1], group LASSO X7, #5(5) K ()65 (s) with K
being a positive definite matrix, fused LASSO a > 7_, |8y (s)|+ (1 —a) 35y By (s) = By—a(s)|
and bridge regression (3_75_, v/ Bi(s)])? which we will discuss in examples. Furthermore, as we
are concentrating in dynamic optimization, our objective is to

2

J
min Xo(s,3,X) = min IE/ —Zﬁj/(s)Xijr(s) ds, (2)
=1

{8;e8} {ﬁ/ €6}

subject to the Equation (1). To solve for the optimal coefficients we use Feynman-type path
integral approach Feynman (1949) where we define a quantum Lagragian action function for
small time interval [s, 7] C [0,T] as

2
dv

=) Br()X

L,.(X) =E, / f:

i=1

Alply, Bv), X(v)ldv + olv, B(v), X(v)]dB(v) — AU(V)]} , (3)

where A > 0 is the time independent penalization parameter. We will show the above integral
in Equation (3) measurable and then Feynman path integral of it is also measurable in RY*/
Feynman (1949). Later part of this paper in Proposition 2 we will discuss about the closed form
solutions of these coefficients under smoothing spline environment.

3. Definitions and Assumptions

Definition 1. Suppose a space X is Hausdorff. If for every point x € X and every closed set
Z C X not containing x, there ezists a continuous function g. : X — [0,1] such that, g.(z) =1
and g.(z) = 0 for all z € Z then, X is completely reqular Bogachev (2007).

Definition 2. For a family M of Radon measures on a topological space X if for every e > 0,
there exists a compact set k. such that |p|(X \ k) < & for all p € M then X is called uniformly
tight Bogachev (2007).

Furthermore, from Definition 2 and Prohorov Theorem we know, if M is a family of Borel
measures on X’ then every sequence {p, },>1 C M contains a weakly convergent subsequence or
M is uniformly tight and bounded (Bogachev, 2007; Prokhorov, 1956). In order to understand
projective system of spaces let us assume 7T be a directed set and let {X, },c7 with v be a
continuous mapping such that for two indices n > m the condition ~,,, : X,, = X,, and for
N >N > M, Ymn © Yny = Ymy hold. Furthermore, suppose X be a space such that mapping
Ym : X — X,, is consistent with v,,, by the mapping v,, = Vmn © vn for all m < n. Then
X,, is the inverse limit space. As X = R* is an example of this space, the dimension of our
independent variables X,,; = R™ consists of all sequences of the form (X, ..., X,,s,0,...,0),
and v, and v,s are natural projections. Now consider spaces X,, are equipped with Borel
o-algebra B, and measures p, on B, such that ~,,, are measurable. Then for m <n

'Ymn(pn) = pPn© ’Y;;L = Pm,

is a necessary condition. Furthermore, for p is a Radon measure on X, po v, = p,, Vn exists
iff for any € > 0, Ik, C X with p,(yn(k:)) > 1 — ¢, ¥n Bogachev (2007). We use this result to
prove Lemma 1.
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Assumption 1. For time interval [s, s+ ] C [0,T], where € | 0 the filtration space starting at
time s denoted by F, is a vector lattice of on the non-empty set 2 such that for point-transition
U (X) and quantum Lagrangian Ls ..,

1 .
\Ijs,s+a(X) = _~/ de7
Ng RNxJ
where f = exp [—eLyo1o(X)] Uo(X) and Nf > 0 is a normalizing constant of f € F,. For
another function g € Fy with normalizing constant N9 > 0 define

~ 1 B
oK) =5 /RNngdX’

S

such that max(f,§) € F,, min(f,§) = —max(f,§) and |f| € F..
Assumption 2. The set of all bounded functions ]fj of f such that for a non-negative increas-

ing sequence f € Fs the condition f = limg_,o fr holds. As the sequence {fk} 1s uniformly

bounded, we assume the sequence {\If’;Hg} is increasing and bounded where,

1 -
\I}I;,s—i—e (X) = £ fk‘dX
stk RN XxJ

Assume Vg o o(X) = limgoo \I/’;,HE(X). Then For all f,§ € F+ and f < § there exists a

measure (st)_lng such that following conditions hold,
1. \Ijs,s+a(X) S \I[s,erE(X);'

2. \Ij:,s—s-s(X) = \Ils,s+e(X) + \ijs’s+5 (X), where
* 1 s ~
\Ils,s—t-s(X) - N§f+g) ‘/RNXJ(JC +g)dX

3. For a constant ¢ € [0,00), V¢ . (X) = Vs 54(X) where,

s,s+¢€

e (X) = —— / (cf)ax.

4. For all min(f,§) € FF and max(f,§) € Fi we have U, (X) + U, . = e (X) +
ymax (X) where

S,5+¢€

. 1 .
i (X) = o [ ()X
N;nm 9) RNxJ
and )
W X) = o [ max(f.g)ax
N;nax ) RN X.J
5. limg_yoo fi € F for every uniformly bounded sequence of fu e F, and one has \IJL";;E(X) =
limy, oo U ., (X) where
ghin (X)) = L lim fpdX
8,8+€ o N;inlk—mo fk RN xJ k—o0 k ’

Assumption 3. For T > 0, let u(s,3,X) : C°([0,T],R7,RV*/) — L(R", R’ R¥*/) and
o(s,3,X) : C°[0, T],R7, RV*/) — L(R",R7, RY*7) be some measurable function and, for
some positive constant K, and, X € RN*7 we have linear growth of 3 as

|/J’(87/87X)| + |0-(5’/87X)| < Kl(l + |X|)7
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such that, there exists another positive, finite, constant Ky and for a different vector )E(NX J)x1
such that the Lipschitz condition,

(s, 8,X) — (s, 8, X)| + |o(s,8,X) — (s,8,X)| < K, |X — X],
X € RV* g satisfied and
(s, 8. X)]” + [l (s, B, X[ < K3(1+ X[,

where |lo(s, B, X)||? = 3200, S [0 (s, 8, X) 2.

Assumption 4. There exists a probability space (2, FX,P) with sample space ), filtration at
time s of independent variable X as {FX} C Fs, a probability measure P and a p-dimensional
{F.} Brownian motion B where the measure of the regression coefficient 3 is an {FX} adapted
process such that Assumption 3 holds.

4. Main Results

The objective function is,
2

J
min Xo(s,3,X) = min E/ Yi(s) — Zﬁj/(S)Xij/(s) ds, (4)
i=1

{BjeB} {B’ B}

In Equation (4), §; is the coefficient of independent variable X;; for all i = 1,..., N and j' =
1,

Lemma 1. Suppose time interval [0,T] and RN*7 are completely reqular space such that the
space T = [0,T] x RV*/ is also completely reqular and all the compact subsets in it have
Euclidean metrics and let a measure p, € M(QxT) converges towards a measure p € M(QXT)
and is uniformly bounded in the variation norm. If the projections of the measure |p,| and |p|
on T are uniformly tight and the projections of the measures |p,| on Q are uniformly countably
additive, then

T T
lim E, / fdp, =E / fdp, (5)
s 0

n—0oo

where n is the total number of small equal in length subintervals [s, 7] of [0,T] and the continuous
bounded P & B(T)-Borel measurable function f such that,

N

/:fdpn:/: Z Yi(v

=1

J 2
—Z&«u)xijf(u)] v

L NAUW) — pl, B0), X(0)]dv — ol B, X(v)]dB(v)]} ,

where P is the probability measure on the Borel o-algebra B(T).

Lemma 2. Suppose, fore | 0, Y, o+ approzimated to a linear function on Fy within the small
time interval [s,s + €] such that, Assumptions 1-4, Lemma 1 hold and for f > 0 we have
U, ore(X) , limysoo \I’];ers(X) — 0 for every monotonically decreasing sequence fy € Fs. Then
there exists a unique measure N;7'dX generated by the filtration FX starting at X, € RN*/
such that F* C F, and

VoX) = [ X e R

RNxJ

where f = exp [_gﬁs,s-l-s(X)] \IIS<X)
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Proposition 1. If the objective is to minimize Equation (4) subject to the error dynamics

dU(s) = pls, B(s), X(s)lds + s, B(s), X(s)|dB(s), (6)

with Assumptions 1-4 and, Lemmas 1, 2, then under continuous time, for {i,j} = {1,..., N}2,
J'=1,...J, Xij’s regression coefficient is found by solving the Equation

23 [¥is) = 32 By 6y e)| Xipo) - TNl P X)) BB
Lo A0 [s, B(s), X ()] 9B(s) 8gls, X(s)]
_2;; 08(s) OBy 0Xij 90X -0

Jor By, with initial condition X, .., where g[s,X(s)] € C*([0,T] x RN*') with I(s) =
g[s, X(s)] is a positive, non-decreasing penalization function vanishing at infinity which substi-
tutes the coefficient dynamics such that, 1(s) is an Ité process.

Example 1. (LASSO). Consider the dynamic objective function expressed in the Equation (2)
subject to the error dynamics

Z‘BJ ’d5+2ZZBJ dB(s),

i=1 j/'=1

where B(s) is the constant Brownian motion of this system. The main reason of not taking
a squared root in the diffusion coefficient is B;(s) is small in magnitude. We further assume
independent variables evolves exponentially. Therefore, for a positive penalzzatzon parameter \*,
we assume g(s, X;j) = A exp(sX;;) where BXLijlg(s,Xij/) = sg(s, Xij) and 8X2 g(s, Xij) =

s2g(s, X;jr). Furthermore, without loss of generality we assume m = J and our mam concem 18
to find the optimal coefficient, we assume By, # 0 for any k =1, ..., J. Therefore, 35 9|8 =

Iﬂ \
which is —1 for all B, < 0 and 1 for all Py > 0. By using Proposztwn 1 we have, *
N J-1
23 | Yils) = Bu(s) Xin(s) — ZBJ‘/(S)XU'(S)] Xij(s)—s9(s, Xij) ‘5 i~ ZXU (s, Xijr) =0,
i=1 j'=1

which yields,

Br = M{ ZXZ] ZZZBJ"(S)XU’(S)—S [g(S,Xijl) + SZXij’g(svxij’)] }7

i=1 i=1 j'=1 i=1

for all B, > 0 and SN | X2 (s) # 0 and,

N N J-1 N
B = ]&{22&]-/(%@)—22 S By ()Xo (5)+s | g5, Xip) — sZXij/g@,Xm] }
2> X)) Ui i=1 j/=1 i=1

for all By, < 0.

Example 2. (Ridge regression). Consider again objective function in Equation (2) subject to

dU(s) = Z 52 )ds + 2 Z Z By (s)Xij(s)dB(s).

i=1 j/=1
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Assuming g(s, Xij) = N exp(sX;j) for all ZlN:l X2 + sg(s, Xix) # 0, where k = 1,...,J,
Proposition 1 determines the regression coefficient under ridge regression as

2 [0 Xy ()¥ils) = 24 By X% | — 2 S0, Xig(5)g(s, Xy

Br =
2 [, X2(5) + sls, Xiw)|

Example 3. (Standard LP-norm). In this framework for all p # 0 let us assume the error
dynamics as

ds+2) > By(s)Xip(s)dB(s),

i=1 j/'=1

> 1B (s)P

j'=1

where dB(s) is the constant Brownian motion in this system such that Sy # 0 for all j' =
1, ..., J. If we minimize the Equation (2) subject to the above coefficient dynamics, Proposition
1 with g(s, Xij) = N exp(sX;j) gives

2 Z Yi(s)Xyr(s) — 2 Z Z Bir(s)X

19
P

J N
—sg(s, Xijr) [Z |85+ (s)[” ] D BylBi P =8> Xijrg(s, Xiy) = 0.
j'=1 i=1

Hence, for k=1,...,J we have,

N
2 Yi(s)Xij(s) — 268k(s Zka
= N J-1 1
—2) > Bl — sgls, Xu) [181(3)17 ™" Bi(s) Bl ) P2
i=1 j/=1
J 11 N
= sg(s, Xiyr) [Z ] D Br($)By ()P = 57> Xiygls, Xigr) = 0.
=1 j'=1 i=1
Furthermore, For all 8, > 0, B > 0 and Zf\;l Xik(s) # 0 we have,
N J-1
b= e 2 M)~ 230 0, (X
- 221— XZQI{: 121: 7,2—1:]’2::1 ’

;—1 J—1 N
Z ﬁ;,),_l(s) — Sg(S, sz) — 52 Z Xij’(s)g(sv Xij') }7

j'=1 =1

— sg(s, Xij) [ZBP

and when B, < 0 and B <0 for all j',k =1,...,J, then

N J-1
oV v2 (o) — (s) — 3 2
P = 2211X3,§ { ZX 9(s, Xi7) ZZY /(s) 2;]2@(8)){

511

_Sg S XZJ [ZBP ] Zﬁp 1 _Sg S sz)}

85
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Example 4. (Elastic net regression). In this framework for all o € [0,1] and Bj # 0,Vj =
1,...,J suppose the error dynamics is

dU(s) = {(1 —a) Z 185 (s)] + a Z 5;,(3)} ds+2) > By(s)Xij(s)dB(s),

i=1 j'=1

where dB(s) is the constant Brownian motion in this system. If we minimize the Equation (2)
subject to the above coefficient dynamics, Proposition 1 with g(s, X;j) = X" exp(sX;;/) gives

N N J-1

2% Yils)Xip(s) = 26u(s Z Xa(s) =23 D By(s)X5i(s)

i=1 i=1 j/=1

— 28g(s i§! —Q 5k(8) — S S
2 g( 7XZJ) |:(1 >|5k(5)| + 2a Bk :| ZXU XT]) O

for B >0, By >0 and N | X2 — sag(s, Xij) # 0 which gives us

1 N
", [, X3 (s) - sag(s, Xi)| [QZYZ'(S)X

i=1
N J-1 N
=2 > Bi(e)X () = s(1—a)gls, Xiy) = s* > Xy (s)g(s, Xij/)] )
i=1 ji=1 i—1

and, for i, <0, By <0

1 N
B = s Xij(s)g(s, Xij)
2 [S, X305 + sag(s, Xip)| | 2 N
-9 Z Yi(s) X (s) —2 Z z_: @-/(S)ij,(s) —s(1—a)g(s, Xij) |-

Example 5. (Fused LASSO). In this framework for all o € (0,1) let us assume the coefficient
dynamics as

- [O‘ZWJ )N+ (1—a) ZWJ — Byr-1(s)

]_1

ds+2) > By(s)Xij(s)dB(s),

i=1 j'=1

where dB(s) is the constant Brownian motion in this system such that B; # 0 for all j' =
1,...,J. For a function g(s, X;;) = X\ exp(sX;;/) Proposition 1 yields,

— sg(s, Xu) [a Ouls) |1 “)\gkg — P z ] —s ZX,] (s, X;7) = 0.

Furthermore, for Zfil X2(s) #04f B >0, By >0 for all k = 1,...,J such that B > Br_1
then

1 al S
B g 2 HO - O st K= 5 e ).
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if B >0, B > 0 such that B, < By_1 then for Zfil X2 # 0 we have,

N

87

By = [ ZY QZﬁJ (s)+s(1—2a)g (S,Xik)—szZXij/(s)g(s,Xij/)],

221 1X22k i=1

and finally, if By, <0, By <0 such that B # Br—1 then

i=1

1 N (s —sg(s
= L S R X2 o 22@ )

i=1
Example 6. (Bridge regression). For all 5 # 0,¥j' =0, ..., J suppose the error dynamics is
J 2 N J
= {ijf(s)w} ds+2) > By(9)Xiy(5)AB(s)
j'=1 i=1 j'=1

where dB(s) is the constant Brownian motion in this system. If we minimize the Equation (2)
subject to the above coefficient dynamics, Proposition 1 with g(s, X;j) = A exp(sX;j) gives

N N J
23 Vi) Xip(5) =23 D By ()X
i= =1 j'=1 3 ; 1 .
=By ()1 By ()| 729, Xig) D 1By (5)]2 = 82 Y Xy (8)9(s, Xiyr) = 0.
j'=1 i=1

Furthermore, for allk =1,...,J, B, >0, By >0 and ZZ]\LI X2 # 0 we have,

N N J-1

5 = [ SV X ()~ 253 B ()X (5)

2
25", sz p i=1 ji=1

—sg(s, Xix) — 5671( )g(s, Xij )2 B]%/(S) — 5 Z Xijr(s)g(s, Xij/)] :

and for B, <0, B; <0 and Zf\il X2 # 0 we have,

1 2 Sals. X S1X (s
O QZZ]\ilek(s) [S ;XW( )9(s, Xijr) 2;}/;( )X (5)
N J-1
=202 Br(XE 5] = sgls Xie) (s, X,y )Zﬂ% ]

Example 7. (Group LASSO). For an m-dimensional coefficient vector B with K;/, an m x m-
dimensional positive definite matriz assume the error dynamics is,

s) = LZ Bl()K;(5)By(s)| ds +2 Z BYX,;(s)dB(s),

i=1 j'=1
where ﬁJT/ is the transposition of By, X;y an m x m-dimensional matriz and dB(s) is an m-
dimensional Brownian motion. Using an m-dimensional vector valued function g(s,X;j) =
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N exp(s, X;j7) and Proposition 1 we get coefficient vector as,

{ZX + [Ki(s) + K (s)] g(s,Xik)}

N J-1
x [z st)Xij«s) =233 B (XD ()X ()
J—1
— g5, Xip) 3 [Kyls) + K(5)] By (5) — o me (X))

<.
Il
—

-1

Such that {Zf\il X7 ()X (s) + [Ki(s) + KE(s)] g(s, Xlk)} exists and By is an m-dimensional
vector where k=1, ..., J.

Proposition 2. Suppose, under the system of smoothing spline regression our objective is to,

Yi(s) — Z 5j/(8)h[Xu'(8)]] ds, (7)

subject to the error dynamics represented by the Equation (1), where h is a dynamic C*-basis
function such that Assumptions 1- 4, Lemmas 1 and 2 hold. Then under continuous time, for
{i,j}y ={1,...,N}2, ' =1,..J, h[X;j|’s regression coefficient is found by solving the Equation

min Xg(s,3,X) = min E/
{B;eB} {,3'6,@}

23" [¥its) - Zﬁj«sm[&f@”] O 8“[8’5223}((5)] 50

N o i ,3 X (s)] 98(s) 0%gls, X(s)]
~5). > ) 0B, OXoXyy

N[ —

=1 j=1

for By, with initial condition Xo ., .., where g*[s,X(s)] € C*([0,T] x RN*') with T*(s) =
g*[s,X(s)] is a positive, non-decreasing penalization function vanishing at infinity which sub-
stitutes the coefficient dynamics such that, I*(s) is an Ité process.

Example 8. (Cubic smoothing spline) Consider the objective function in Equation (7) where
hXij(s)] = Xijr(s) + X2 (s) + X7 (s) subject to the error dynamics

dU(s) = [28;:(s) + 68;:(s) Xij (s)] ds + 2 Z Bjr(s)Xijr(s)dB(s),

where B(s) is the Brownian motion under cubic smoothing spline. For a penalization parameter
N if we assume g*(s, Xij) = N exp(sX;j) then Proposition 2 gives us,

0222{ Zﬁ] +X2()+ij,(s)]}

7'=1
x [Xiy (s) + X (s) + Xy (s)] — 6By (s)g" (s, Xigr) — 5" Xiy (5)g" (5, Xigr),

for all j' =1,....J. In this case our k'™ coefficient would be,
1
2 {2, [Xin(s) + X3 (5) +

N J-1
—2> ) Bils
0

i=1 j/=

B, =

ol }{ ZY 8) + X7 (s) + X3 ()]

)+ X2 (5) 4 X2 ()] — X ()g(, Xm},
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where Y101 [Xin(s) + X3.(s) + X3.(s)] # 0.
5. Proofs

5.1. Proof of Lemma 1

Without loss of generality assume absolute value of the quantum Lagrangian | f | < 1 and
llpnl] < 1, ||pl| < 1. Suppose, v7 and 7q denote the projections on 7 and the sample space €2,
respectively. As T is a completely regular space, there exists a compact set x C T such that
for any ¢ > 0 and for all n we have that,

|pal 097 (T \ 6) + |pl 07 (T \ k) < &

The space K (k) is separable because k is Euclidean metrizable. For every w € €2, define a g,, as
a continuous function s, X f(w, s,X) on k. Hence, the mapping ¢ : 2 — K(k) is Borel. As
the projections of measures on {2 are uniformly countably additive, there exists a probability
measure # on P with respect to which they have uniformly integral densities. By separability of
K (k) and applying Lusin’s theorem to the mapping g and measure f, there is a finite partition
of Q into sets Py, ..., P, Ppr1 € P and functions fi, ..., f, € K(x) such that |[E,fi||xq < 1,

||Esgw — ESﬁHK(,@) < e forall we P; i <p, and

1pnl © 75" (Pps1) + 1ol 0 76 (Ppr1) < €,Vn.

As T is completely regular, every conditional expectation [E, fZ extends to 7 with the preserva-
tion of the maximum of the absolute value. By assumption, there exists a time interval index
ng such that the absolute value of the difference between conditional expected integrals of
Eoh(w,s,X) == 3P Tp,(w)E, fi(s, X) against the measure p, and p does not exceed ¢ for all
n > ng, where Zp, (w) is the indicator function on partition P; on P Bogachev (2007). Fur-
thermore, supy |E,f(w, s, X) — Esh(w, s,X)| < 2, [Eof(w, sX) — h(w, s,X)| < & on U_,P; X Kk
with
[on] (% (T'\ K)) + |pl(Ppar X T) <

It remains to use the estimate
/ IE,f — Eh|d|p,)| g/ IE,f — E,h|d|pn| + 4¢ < 5,
QxT Ul Pixk

and a similar estimate for p. Therefore, for [s, 7] the Equation (5) holds.

5.2. Proof of Lemma 2

(i). Assumption 2 tells us for small time interval [s, s+¢], f < gand f g > 0in F, two increasing
sequences { fkl}k1>0 and { Gk, }r,>0 such that limg, o0 fr, < limyg, o0 Gy, hence limg, oo \I/’S“S e <

1 ~
\Ijlg,ls—i-e = 7 /N , fkl dX
NIk SRy

limyg, o0 ke where

s,5+¢€)

and,
1

ko _ ~
\I/s s+e T kaz /RNXJ gkde

As fkl < limg, 00 Gy, the function min( fkl, Jk,) € Fs is increasing to fkl as ko — 0o. Which

implies,
1

vk — lim ————— min( f. , g, )dX < hm yk2
s5+€ ko—r00 Nmin(fklygkg) RN xJ (fk1>gk2) s,ste’
S

89
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From the above condition we know that, for ¢ — 0, the transition function ¥, . € F; is
independent of the choices of increasing sequences converge in F;~ which makes this well defined.
Hence, the functionals on F; N F, coincides with initial functionals and conditions 1 and 2 of
Assumption 2 hold. If fk and gy are non-negative in F, and these sequences are increasing to f
and § then, we have two monotonic limits as max(f, j) = limy, 00 max( T, i) and min( f.9) =
limy o0 min(fk, k). Condition 3 of Assumption 2 implies min(f, §) + max(f, ) = f + g as we
assume f < g. Now consider, the sequence fkhkz > 0 defined on F; are increasing to j:kQ e Fr
as k1 — o0o. Define gy, := maxy,<g, sz,ka such that gp, € Fs. Therefore, as g, is an increasing
sequence and for each ky < k3 we have, g, < gr,41 and fk%kg < Gy < fkg. This implies

1 1
— a < _ ~
kag /]RNXJ ngdX - ngk3+1 /]RNXJ gk3+1dX

and,
1

1 . 1 ~
7 / sz kst / gkst < 7 / fkadX7
Nskzyk:s RNXJ N k3 RNXJ Nsk3 RNXxJ

as ko < k3. Hence, limy, fkd = limg, 00 Gks € Fo and

1 1
_ frndX = lim — / Gy dX
RNXxJ

k3z—o0 ka3 RNXJ ks—ro00 Ngk:a
S

1 1
= ﬁ/ lim gk?) dX = —~/ lim ka X
Nslkaﬁoo Ik3 RNXJ k3s—o00 Nélmkzgaoo fkd RN XJ k3 —00

Therefore, Condition 4 of Assumption 2 is satisfied.

(ii). Define E as subset of RV*/ x Q) such that the indicator function of this set for [s, s + ¢]
is Ty € RM*/ x Q such that any function operating in E is on F,". Now for all E C R¥*/ x
set X(E) = Vs 4.(Zg). As Iy € F.f, Condition 3 in Assumption 2 holds and for two partitions
E,,Ey C E we have that, Zg,np, = min(Zg,,Zg,) and Zg,up, = max(Zg,,Zg,). This implies
FE is closed with respect to finite unions and intersections. Furthermore, by Condition 4 in
Assumption 2 we can say E is closed with respect to countable unions. As we assume X is a

non-negative monotone additive function hence,
X(EyNEy) +X(E1 U Ey) = X(E) + X(Es),

such that X = limy_,o, X(E}) for all monotonically increasing sequences of sets Fy € E. Hence,
there exists a function

X*(G) =inf{X(E): ECRY xQ G C FE}
which is countably measurable on Riemann class,
A={AcCRY: X*(A)+X* R\ 4) =K, K>0}
and on the Borel class on filtration FX,
B={BcCQ: X*(B)+X"(2\ B)=1}.

Define X as the restriction of X* to both A and B.
(iii). Suppose, a set A* C A x B. As f € F, then for all constants ¢ we have {f > ¢} €
RNV*7 % Q, since
T

[F>c

| = lim min [1,kmax(f— C, 0)] .

k—o00
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Therefore, all functions in F,” are measurable with respect to the o-algebra o(RY*7 x Q). As we
assumed £ C RV*/ x (2, there exist an increasing sequence of non-negative functions fj, € F
such that Zp = limy_,o fr and X*(E) = X(E) = limg_,o U, . Since X*(E) + X*({RV*/ x

Q}\ E) > 1, it is sufficient to prove that, X*(E)+ X*({RY*/ x Q} \ E) < 1 to show F € Ax B.
Hence, it is equivalent to prove

X (R x Q}\ E) < lim W, 001~ fi). (®)

As fk’s are increasing sequences, 1 — fk are decreasing in Zypnxsy oy p- The positive, finite
constant ¢ € (0,1) x RV*/ define a set & = {1 — f > ¢} contains {R¥*/ x Q} \ E and
E C RV*/ x Q. Hence, the interval on this new indicator function Zg < ¢71(1 — f;) implies

X ({RY™ x Q}\ E) < X(€) < ¢ Wyre(l — o),

where constant matrix ¢~! has each element inverted in it. After keeping the space RV*” fixed
and letting ¢ — 1 and k£ — oo Inequality (8) is obtained.
(iv). Tt is important to know that, all the functions in F, are Fy-measurable. For E C
RN*7 % Q if f = I, then
\Ds,s+E(X) = Ni/ de (9)
RNxJ

is satisfied by the way X is defined. Furthermore, Equation (9) holds for any finite linear
combinations of indicators of sets in RM*J % Q. Suppose, a non-negative function f € F; and
f < 1. Then for any k € N, we have that

) ok_1 2 k1
Ji = Z i2_kI[i2*k<f<(i+1)2*’“] =27 Z I[f>1‘2*k]a
i=1 =1

which follows ]

U (X)) = — FdX.
s,s+s( ) stk /RNXJ fk

From Conditions 1 — 4 in Assumption 2 we know as k — oo, the left and right hand sides of
the above equality converges to ¥, ..(X) and NL f]RNX J de respectively. Moreover, as f =
limy,_,oo min(f, k) and min(f, k) € F; for all f > 0, Equation (9) still holds. Finally, for any
f € F., condition f = max(f,0) — max(—f,0) holds and the uniqueness of X comes from the
fact that F is closed with respect to finite intersections and it generates a o-algebra.

5.3. Proof of Proposition 1
Using Equations (4) and (6), with initial condition Xy, the Lagrangian of this system is,

2

ds + AMU(s + ds) — U(s) — pls, B(s), X(s)]ds

N

Lor(X) = /0 'E, >

i=1

Yi(s) — Zﬁj’(s)Xij'(5>

~ols. B(s). X(s)}dB(s)]} ,

where A is the time independent Lagrange multiplier which is assumed to be non-negative.
Subdivide [0, T into n equal time-intervals [s, s+¢]. For any positive £ and normalizing constant
Ny > 0, define a transition function as

1

\IIS’H_E(X) - ﬁ RNxJ

exp [—eLs 54 (X)] U5 (X)dX, (10)
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where Wy (X) is the transition function at the beginning of s and NLS dX is a finite Riemann
measure such that for k™ time interval the transition function is,

1
Uy r(X) = i /RNX]X exp [—EZES e

with the finite measure N, ™ [[;_, dX* and initial transition function ¥o(X) > 0 for all n € N
Fujiwara (2017). Equations (10) and (11) consider all continuous infinite paths of transition of
X in any two time intervals.

Define AU(v) = U(v + dv) — U(v), then Fubuni’s theorem implies,

X) ﬁdxk, (11)

N

L,,(X)=E, / > |Yiw)

- Z@"(V)Xij'(”)] dv

+AAU() = plv, B(v), X(v)]dv — a[v, B(v), X(V)]dB(V)]} :

where 7 = s 4 £. As we assume the coefficient dynamics has drift and diffusion parts, X(v)
is an It process, there exists a smooth function glv, X(v)] € C%([0,T] x R¥*/) such that
I(v) = g[v, X(v)] where I(r) is an It6 process Oksendal (2003). Assuming

glv + Av, X(v) + AX(v)] = A[AU(v) — plv, B(v), X(v)|dv — oy, B(v), X(v)|dB(v)],

for a very small time interval around s with ¢ | 0, generalized [t6’s Lemma yields,

eL(X) = E EZ K‘(S)—Zﬁj/(s)Xﬁ/(S)

+egsls, X(s)] + egx|s, X(s)]p[s, B(s), X(s)]
+egx[s, X(s)lo[s, B(s), X(s)]AB(s)

3 Z Z ea'ls, B(s), X(s)]gx,x,[s, X(s)] + 0(5)} ,

i=1 j=1

+ eg[s, X(s)]

where o¥/[s, X (s)] represents {i, j}'" component of the variance-covarience matrix, g, = dg/0s,
gx = 0g/0X and gx,x, = 9%°9/(0X;y 0X;j), AB; AB; = 67 ¢, AB; ¢ = ¢ AB; = 0,
and AX;(s) AX;(s) = e, where §7 is the Kronecker delta function. As Es[AB(s)] = 0 and
Es[o(€)]/e — 0, for ¢ — 0, with the vector of initial conditions Xy, , dividing throughout by
¢ and taking the conditional expectation we get,

‘CS,T(X) - Z Z/BJ 5! 5
+9s[s, X(s)] +gx[87X( )mls, B(s), X(s)]

+13°5" s, B(s), X(s)]gx,x; 5. X (5)] + o(L).

i=1 j=1

+9gls, X(s)]

Suppose, there exists a vector &y such that X(s)yx1 = X(7)yx1 + {nxi- For a number
0 < n < oo assume [¢] < ne[X7(s)]7!, which makes £ a very small number for each ¢ | 0.
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Furthermore, as d¢ is a cylindrical measure,

_Ov(X) 1

P +o(e) = N Jowns {\Ilg(X) + Sa\lg}((x) + 0(5)] X

exp { [_Z Yil) = D0 By(s)[Xiy () +

+gls, X(7) + €] + gs[s, X(7) + ]
+9x[8 X(7) + €]uls, B(s), X(1) +¢]

+%Zzgw X(7) + &lgx.x, [s, X(1) + €]

i=1 j=1

UT(X) +

2

} de + o(eV?). (12)

After defining a C? function

fls:B(s),€ = D [Yils Zﬁ] )+ ¢

+g[s, X(7) + 5} + gs[s, X(7) + €]
+gx[s, X(7) + E]ps, B(s), X(7) +¢]

Equation (12) becomes,

ovT (X 1
UH(X)+e 52 ) — FS\I]‘IS_(}Q /RNXJ exp {—¢fls, B(s), &} d¢
Jéaq;(( )ANngeXp{‘Ef[Svﬁ(S)’fJ}df+o(€1/2). (13)
For e | 0, AX | 0 and
N

Fls.B(5), €] = fs,B(), X(T)] + Y fx.[s,B(s), X(7)][€i = Xigr(7)]

=1

> Fxaxls. B(8), XMl — Xigr (DN[Es — Xjgr (7] + 0fe). (14)

1 j=1

DN

+

)

We assume there exists a symmetric, positive definite and non-singular Hessian matrix @y j)x (v x.7)
and a vector Ryx.s)x1 such that,

(2m)NxJ

[, exol=efls. B0y = [FTg expl—2/1s.8(5). X(r)] + 1eRTO R} (15)

The second Gaussian integral on the right hand side of Equation (13) becomes,

[ comtefls, ple). el = | CTE expl-cfls, B, X(7)]

+ LRT®'R}[X(7) + L(O ' R)]. (16)
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Equations (14), (15) and (16) imply

UT(X) 1 [@m)Ned

ds N, ||

Ui(X)+e exp{—¢f[s, B(s),X(7)] + :eR"O 'R}

% {\I’Z(X) +[X(7) + %(QlR)]a@a;—)(CX)} +o(e'?).

Assuming Ny = /(2m)V*7/(¢|®]) > 0, we get Wick rotated Schrodinger type equation as,

oV (X)
ds

UT(X) +¢ {1—ef[s,8(s),X(7)] + 2cRTO 'R} x

{we0 4 x4 @RI T o an

For any finite positive number 1 we know X(7) < ne|¢?|~!. Then there exists |[@'R| <
2ne|l — £7|7! such that for ¢ | 0 we have, |X(7) + 1 (©7* R)’ < ne and Equation (17)
becomes,

VT (X)
0s

As [O7IR| < 2ne|1 — €117, where &7 is the transpose of &, then at € | 0 we can ignore the
second term. Therefore, Equation (18) becomes

= {~f[5.8(s),X(7)] + ;RTO'R}T(X). (18)

VT (X)
0s

— — f[s, B(s), X(1)]WI(Z),

and the partial derivative with g yields,

0 i~
- @f[u, B(s), X(M)WE(X) = 0. (19)
In Equation (19) either U7 (X) = 0 or %f[s,ﬁ(s),X(T)] = 0. As ¥7(X) is a transition wave

function it cannot be zero. Therefore, the partial derivative with respect to 3 has to be zero.
We know, X(7) = X(s) — & and for £ | 0 as we are looking for some stable solution therefore,
in Equation (19) X(7) can be replaced by X(s). Hence,

2

fls,B(s),X(s)] = Z Yi(s) — Zﬁj/(S)Xij’(S) +gls, X(s)|+gsls, X(s)+gx[s, X(s)]p[s, B(s), X(s)]

N J
23 Vi) = 32 5jf<s>Xijf<s>] Xij(s) = gx[&X<S>]a”[u’az§2’>x(s)] 55((3

Optimal §;/(s) can be obtained by solving Equation (21).
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5.4. Proof of Proposition 2

Using Equations (6) and (7), with initial condition X, with its basis h(Xj), the dynamic
Lagrangian action of this system of smoothing spline is,

ds+ N [U(s+ds)—U(s)—p[s, B(s), X(s)]ds

N

£50(X) / S|

- Zﬁj/(s)h[Xij/(S)}

~ols. B(s). X(s)}dB(sn} ,

where \* is the time independent non-negative penalizing constant. After subdividing [0, 7]
into n equal time-intervals [s, s + €] such that for all € and N} > 0, define a transition function

as
1

N* RNxJ

v (X) =

s,5+¢€

exp [ el

8,5+¢€

(X)] U2 (X)dX, (22)

S

where U*(X) i

measure such that for k" time interval this transition function is,

. 1
\I}O,T(X) = (N*)" /RNxe exXp [_EZ‘C’S s+5

with the finite measure (N7)™"[],_, dX* and initial transition function W3(X) > 0 for all
n € N. Equations (22) and (23) consider all continuous infinite paths of transition of X in any
two time intervals.

Fubuni’s theorem implies,

X) ﬁ dX*, (23)

£ N [AUW) — iy, B0), X())dv — v, B(v), X(u)]dB(u)]} |

where 7 = s 4+ ¢ and AU(v) = U(v + dv) — U(v). As like before the coefficient dynamics has
drift and diffusion parts, X(v) is an It6 process, there exists a smooth function g*[v, X(v)] €
C%([0, T] x RM*/) such that I*(v) = g*[v, X(v)] where I*(v) is an Itd process of the smoothing
spline. Assuming

g+ Ar,X(v) + AX(v)] = X[AU() — plv. B(w), X(0)]dv — o[v. B(v), X(v)|dB(v)],

for a very small time interval around s with ¢ | 0, generalized It6’s Lemma yields,

+¢eg"[s,X(s)]

N

€£:,T( Z ZBJ J’ S ]

+egils, X(s)] +€gx[s X(S)] [s,8(s5), X(s)]
+€gx[ X( Nl s, B(s), X(s)]AB(s)

+3 Z Z ea’l[s, B(s), X(s)]gx,x, s, X(s)] + 0(8)} :

i=1 j=1
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where 0¥/ [s, X(s)] represents {7, j} component of the variance-covarience matrix, g* = dg*/9s,
9?( = 89*/8X and g;{in = 82g*/(0XZ]/ 0ij/), ABZ AB] = (Sij g, ABl E = ¢£ ABZ = O,
and AX;(s) AX(s) = e, where 6% is the Kronecker delta function. As E;[AB(s)] = 0 and
Eslo(e)]/e — 0, for € | 0, with the vector of initial conditions Xy, , dividing throughout by ¢
and taking the conditional expectation we get,

s) — Zﬁj/(s)h[Xij/(s)]
+95[s, X(s)] +9x[5 X(s)]pls, B(s), X(s)]

i) _Z X (5)]g%,x; s, X(5)] + o(1).

Suppose, there exists a vector &y such that X(s)yx1 = X(7)yx1 + {nxi- For a number
0 < n < oo assume [¢] < ne[XT(s)]7. Furthermore,

DU (X) 1
88 +0(£) N ]\P< RN xJ

S

+9°[s, X(s)]

[\Ifg*(X) + gaqg;éx) + 0(5)]

' Zﬁf ) +¢]

+g"[s, X(7 )+§]+gs[87X(7) ]
+9x[ X(7) +&lpls, B(s), X(1) + £]

+;ZZU X(7) + Elgkx, [s, X (1) + ]

=1 j=1

After defining a C? function

U (X) +e

N 2

} dé + o('%). (24)

Flsed = 3|y z@ m]
+g*[s, X(7 )+§]+9§[87X(7)+§]
+9x[s, X(7) + &]pls, B(s), X(1) +¢]

+23 7N " o[s, B(s), X(7) + €] x

i=1 j=1

g;(in {87 X(T) + 5}7

Equation (24) becomes,

ovTH(X
v (0) 420 - L) [ e (e (s, 800,

b [ e el Bl G de ol ). (25)

S

For e [ 0, AX | 0 and

f*1s,8(s),&] = f*[s, B(s), X(7)] + Z Ix, 15, B(8), X(7)][€izr — Xije (7)]

+§ZZJ“XX X(Ml& — Xy (T)][&550 — X ()] + 0(e). (26)

i=1 j=1
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We assume there exists a symmetric, positive definite and non-singular Hessian matrix © (yx.jyx (v x )
and a vector Ryx.x1 such that,

L ewteer 1,809, 6de = [ CTE expl 2, (5), X)) + JRTOR).  (21)

The second Gaussian integral on the right hand side of Equation (25) becomes,

* (QW)NXJ *
[, gexpl=erls.8).€1de = || Tg exp{—e/ . 8(5). X(7)

+ 1eRTO'R}X(7) +

(@' R)]. (28)

1
2

Equations (26), (27) and (28) imply

ovH(X) 1 [@2m)N<J

qlT* X —
S(X)te 0s Ny O]

exp{—cf*[s, B(s), X(1)]

+1eR"®7'R} {\Ifz*(X) + [X(7) + %(@‘1R)]aqj§;}§X)} + o('/?).

Assuming N} = /(21)V*7 /(¢]@|) > 0, the Wick rotated Schrédinger type equation is,

UT(X) + EG\P;@;S(X) ={1—ef*[5,B(s),X(7)] + 1cR"O@ 'R} x
fur 00 + i + je RIZEE o). (29

As X(r ) < nel¢”|7!, there exists @R[ < 2ne|1 — 7|7 such that for & | 0 we have, |X(7) +
(@' R) ’ < ne and Equation (29) becomes,

DT (X)

2

5 = =Ll B(s), X(7)] + ;RTOTRIVT(X).
As |@7'R]| < 2ne|1 — €17, where €T is the transpose of £, then we have,
DUT(X . .
WX (s, Bls). X7 (B),
and the partial derivative with §; yields,
0
u U (X) = 0. 30
-l B X (X (30

In Equation (30) either ¥7*(X) = 0 or aﬁ f*[s,B(s), X(7)] = 0. As ¥7*(X) is a transition wave
function it cannot be zero. Therefore, the partial derivative with respect to 3; has to be zero.

We know, X(7) = X(s) — & and for £ | 0 as we are looking for some stable solution therefore,
in Equation (30) X(7) can be replaced by X(s). Hence,

f[s,B(s), X(s)] = Z Yi(s) — Zﬁj'(s)h[Xij'(S)]

+ 975, X(s)] + gsls, X(s)] + gx[s, X(s)]p[s, B(s), X(s)]

2
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Equations (30) and (31) then imply

Optimal §;(s) can be obtained by solving Equation (32).

6. Discussion

In Lemmas 1 and 2 we show the existence of path integral in penalized regression. Proposition
1 helps us determining the coefficients in more generalized LASSO type frameworks. Then we
provide seven cases to obtain a closed form Jj;, which are functions of X;;, X;;,Y; and S;.
Furthermore, in cases like LASSO, standard LP-norm, elastic net regression, fused LASSO and
bridge regression we assume 3;’s are non-zero to get rid of the problem of non-differentiability.
Proposition 2 determines optimal 3 coefficients under generalized spline environment where
h(X;j) represents any time dependent basis function and Example 8 considers a dynamic cubic
smoothing spline. Throughout this paper we assume g¢(s, X;;) = A" exp(sX;;) and diffusion
coefficient as 2 Zf\;l By X;j to make our result comprehensible and hence, ;s are easily com-
parable among our eight examples. In our future research we will extend this idea into more
generalized Riemann manifold.
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